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VI. A Demonftration of the 11th Propofision of
Sir Haac Newton’s Treatife of Quadratures,
By Mr. Benjamin Robins.

HIS Propofition confifts of ewo Parts: ‘The firft
is as follows.

Let there be any Curve ADI, whofe Abfciffe AB
fhall be denoted by z, and its Ordinate BD by y ;
which may be related in any manner to the Abfciffe.
And calling this the firft Corve, let other Curves AEK,
AFL, AGM, AHN, (&¢. be formed tothe common Ab-
{ciffe AB, or z, by making the Ordinate B E of the
fecond Curve always equal to the Area A BD of the
firft divided by Unity ; the Ordinate BF of the third
equal to the Area ABE of the fecond divided by U-
nity ; the Ordinate BG of the fourth equal to the A-
rea ABF of the third divided by Unity ; and fo on
continually. Suppofe now, that other Curves AQS,
APT, AQV, ARW, be defcribed to the fame com-
mon Abfcifie AB or z; in which Curves the Or-
dinate BOQ of the Curve AOS fhall be equal to
z y, the Ordinate BP of the Curve APT equal
z'y, the Ordinate B Q of the Curve AQV equal
to z’y, the Ordinate BR of the Curve ARW e-
qual to zty, (. And let the whole Area ACI
be denoted by A, the Area ACS by B, the Area
ACT by C, the Area ACV by D, the Arca
ACW by E, & Then the Series of Curves ADI,
AEK, AFL, AGM, AHN are thus meafured :
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The Area of the firft Curve ADI is=A
——of the fecond AEK is = 2A—B
of the third AFL = zzA——-i.zB_{_C
of the fourth AGM = ZA—3¥B+32C+D
2#tA—42'B+62°C—42D+E
L)

——of the fifth AHN =

and fo on perpetually. Here in all the Curves fol-
lowing the firft, the Index of the higheft Power or 2z
is always the Number which exprefies the Diftance
of the Curve from the firt, and afterwards decreafes
regularly by Unity ; the firlt Term is multiplied into
A, the fecond iato B, the third into C, the fourth
into D, and fo on; the Coefficients are the fame
asin a Binomial raifed to the higheft Power ot z,
and the Divifor is fo many Terms of this Progreflinn
Ix2x3x4x5 x6 &c asisexprefsd by a Nu:nber
equal to the higheft Index of z. Otherwife fuppofing
# to reprefent the Diftance of thie Curve to be mea-
fured from the firlt; then the Area fought will be
found by extending z—1l” into a Series, and multiply-
ing the firt Term by A, the fecond by B, the third
by C, the fourth by D, &c. and dividing the wivie
by xxn—i xs—z &¢. continued to Unity.

SECOND PARI.

Suppofing the firft, fecond, third, &'¢c. Curvesto be
the fame as before: Let ¢ denote the whole Abfc.fle
AC, and put x for BC: Then defcribe the Curves
CXA, CYA, CZ A, CrA, where BX fhall be e-
qualto xy, BY =x*y, BZ=x'y, BUr=xty, &c.
This being done, and in the Series of Curves CIDA4,

Hh 2 CXA,
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CXA, CYA, CZA, CrA, . the firft Area CIDA
being put equal to P, the fecond CXA equal to -Q,
the third CYA=R, the fourth CZA=S, the fifth
CTA=T, & the whole Areas of the aforefaid
Series of Curves are alfo determin’'d as follows.

The firft AIC=P

The fecond AKC=Q,
The third ALC=+R
The fourth AMC=+* S
The fifth ANC=+: T.

Here the Area’s P,Q,R,S,T are divided by Num-
bers produced by multiplying as many Terms of this
Series 1 xax3x4x5 . together, as in the former
Cafe.

Demonfiration of the Firft Part.

Let the Area ABD be denoted by a4, the Area
ABO by 4, ABP by ¢, ABQ by 4, and ABK by e
Then it is evident, that

The Fluxion of the Area ABD is==zxBD =zy= a
TheFluxion of the Area ABO is= 3 x BO = zzy=}
The Fluxion of the Area ABP is=3yxBP=3zy=¢
&C' &C.
Hence
xxa is (=%gy ) =b
xeis(=z3) =3b=c¢
Fxais (=33)) =gb=xc=4d

Or generally,

z" Xa = Fab b= qn«zx; = gr—i1x d, &e.
Now
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Now as z x ABD or 7x4 is = Fluxion of ABE,
if you add ro the firft Part :x« (= :z,)and its Equal
b to the other Part, it follows, that

ixe .
-}‘:— Fluxion of ABE -} &

-3xa
And taking the Fluents
z2xa = ABE -+ 4 or ABE = 2z xa—4 ; and when
z or AB becomes = AC, then ABE becomes ACK,
and 2 and 4 become A and B ; therefore ACK is
—_ XX A‘“"‘B.

Again, The Ordinate BF of the next Curve is ¢
qual to ABE, which has been proved equal to z2x 24— b
Confequently the Fluxion of ABF is == 334 —zb;
and it you add to the firft’ Part of this Equation
T XS — :}b (=13 =33¢r=— f{.”{‘)) and s E.
qual — ¢ on the other, it tollows, that

xRa—3b

' o ; }2 Fluxion of ABF — ¢.
i {43

And taking the Fluents

t 2t a—z b= ABF—:¢ ; or by tranfpofing
ABF.—_—_W———-}-’—?-{"L'L; or fuppofing z equal to AC,
AcL=3AT22B8+C

2

The Ordinate BG is equal to ABF, which has

za—2% bdc,
been proved equal to A +< Therefore

vz a2z b4 ze

2

the Fluxion of ABG isequal to
And
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And adding ,!z‘a-—-—;.z‘k-,-fzc: (=t éz’y—;%z’y

+ tzz'y =;,'zz’ y) on one fide, and its Equal } don the
other, it will be

Ixxta=—g1b 1 2 ¢ .
_;2’2__}:‘ :_;:}: Fluxion of ABG -5 4d

And taking the Fluents i

t2*a—"'2'b 4L 2 c = ABG 4§ d; and tranfpofing,
ABG=22—"37% €+ 3 u—d,- or fuppofing z e-

qual to AC ; then ACM = zA—3 zLP+ 320D,

In the fame manner the Fluxion of ABH is equal to-
1pe=—333b 3330 —243 404 adding on one fide

Lrta—i2 by L2 c—%zd, and its Equal — e
on the other, it becomes

133 4-j-3— 1% 1{+% '{{-C--% -'{d}= Fluxion of ABH=-4, &

+4 et b =i gd

And taking the Fluents )
La—iz b4 Lzt c—Lzb = ABH— L e: there-
fore ABH=29"4%2 ﬁj-6 2 e—gzdie .

Or ACN=2'A—42’B4-62' C—4 z D4.E, fuppofing
zequalto AC. 'In like manner you may proceed to
meafure any of thefe Curves: and you will always
find their Value the fame as is exprefled in the Propo-

fition.

De-



( 235)

Demonfiration of the Second Part.

Suppofe any Curve whofe Diftance from the firft is
denoted by » ; then the Curve whofe Abfcifle is BC or
x, and its Ordinate x” y divided by # x »=t x ez x namy
&e. continu’d to Unity will be equal to it, when x is
equal to AC or ¢.

It is evident, that when the Areas ABD, ABO,
ABP, ABQ, ABR, &¢. decreafe, the Areas BCID,
BCSO, BCTP, BCVQ, BCWR increafe refpective-
ly; and confequently the Decrements of the Areas
ABD, ABO, ABP, &¢. or their Fluxions with a ne-
gative Sign, are the Increments or Fluxions of the
Areas BCID, BCSO, BCTP,&c. that is, calling the A-
rea BCID, «; the Area BCSO, g ; the Area BCTP, 5;

BCVQ,#; BCWR, ¢: then o= s, g=—i¢, =, &=
."., ;:‘—";-

Now the Fluxion of the Curve, whofe Abfciffe is
= x, or BC, and its Ordinate =x"y is = "y ; that
is, equal to x yxr—z|"; x beiog =t—=z; or fince
the Increment of x, or x is equdl to the Decrement

of z, or — z, the Fluxion of the fame Curve is e-
- — . e 7n—1i
qual to—zyx t—-—gl" =y I 2 =n % g nx el Ak

. S
x 2* &C. =—t"2yfut i zzy—nx "7 22"y, &C.

° * e ”_[ ~ .
that is, = 2" x— a— n"'x—b4-nx7 t"* x—c, &c.

or = 2" & —ut g fax= 2, &c. and taking

thie Fluents, the Area of the Curve, whofe Abfcife

is x,or BC,and Ordinate x” y, is equal to #* & —n ™" 8

Fax £ & But when x is equal
2

to
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to AC, then =, &, 3, &c. will be equal to A, B, C, &c.

as is very evident ; confequently the Area of the Curve
whofe Abfcifle is x, and Ordinate x” y, when x is =
AC, is A — " B - nx —xt"* C &c. that is e-
qual to —i|" thrown into'a Series, and the firt Term
multiplied by A, the fecond by B, the third by C, &¢
But »—;|” thrown into a Series, and the firt Term
multiplied by A, the fecond by B, the third by C, &c,
and then the whole divided by » xs—1ixn—2, .
continued to Unity, is.equal to the Area ot the Curve,
whofe Place in the Series is denotcd by #: There-
fore the Area of the Curve, whofe Abfcifle is
equal to x , and its Ordinate to x"y, takén
when x is equal to AC, and divided by =z xn—:
x n—1 x n—3 &¢. continued to Unity, isequal to the A-
rea of a Curve whofe Place in the Series is denoted
by »; that is, Q, which is the Areaof a Curve,
whofe Abfciffe is x, and Ordinate x y taken when x
is = AGC, is equal to the fecond Curve AKC; halfR,
which is the Area to the Abfcifle », and Ordinate
x'y, taken in the fame manner, is equal to the third
Curve ALC; 1S, which is a like Area to x and x: y,
is equal to the fourth Curve AMC ; L T, the Areato
x and 'y, x being equal to AC, is equal to the fifth
Curve ANC; and fo on perpetually Q.E.D.

VII. Maris
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